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Abstract

Purpose — To study and to analyze a second order finite-element boundary-flux approximation using
isoparametric numerical integration.

Design/methodology/approach — The numerical finite-element integration is the main method
used in this research. Since a domain with curved boundary is considered we apply an isoparametric
approach. The lumped flux formulation is another method of approach in this paper.

Findings — This research study presents a careful analysis of the combined effect of the numerical
integration and isoparametric FEM on the boundary-flux error. Some L,-norm estimates are proved for
the approximate solutions of the problem under consideration.

Research limitations/implications — The authors offer a general study within the framework of
the boundary-flux approximation theory, which completes the results of published works in this
scientific field of research.

Practical implications — A useful application is to employ appropriate quadrature formulae
without violating the precision of the boundary-flux FEM. The lumped mass approximation is also an
important practical approach to the problem in question.

Originality/value — The paper presents an entire investigation in FE boundary-flux approximation
theory, in particular, elements of arbitrary degree and domains with curved boundaries. The work is
addressed to the possible related fields of interest of postgraduate students and specialists in fluid
mechanics and numerical analysis.
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Paper type Research paper

1. Introduction
Calculation of derivatives (flux or stresses) of finite element solutions to boundary
value problems has many important applications such as the heat of the mass transfer,
potential flow, plate stability, etc. Computing of boundary-flux is based on the idea
proposed by Wheeler (1973) and developed by Carey (1982) and Carey ef al. (1985).
Different methods for boundary-flux approximations have been tested in a series of
numerical experiments on linear and nonlinear elliptic problems (Carey et al., 1985).
The standard procedure of differentiating of the approximate solution at an
arbitrary boundary point in the finite element will give an asymptotic error O(%”~1/2))
for trial functions of degree 7 (see, for example, the work of Barret and Elliot (1987)).
Higher order approximations to the boundary-flux than those that arise from the
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(Douglas et al., 1974; Lazarov and Pehlivanov, 1989; Pehlivanov et al, 1992). More



recent study on superconvergent boundary-flux approximation has been presented by
Carey (2002).

This paper deals with a finite element method for planar second-order boundary-flux
problem on a bounded domain with curved boundary. Curved elements are used in the
boundary layer for getting good approximation of the boundary. Quadrature formulae
are used for computing integrals in the discrete problem. The isoparametric approach to
the problem in question requires a careful study of the combined effect of the numerical
integration and isoparametric elements on the boundary-flux error.

Drawing a presentation of Lo-error estimate of the effect of the numerical integration
has been the underlying purpose of this paper. Furthermore, we aimed at analyzing the
lumped mass flux formulation and presenting some consequent algorithmic aspects.

The paper is organized as follows. Section 2 presents the boundary-flux problem,
whereas Section 3 precisely defines the isoparametric finite element transformations
and the numerical quadrature schemes. Next, the corresponding discrete formulations
are introduced and an error analysis for isoparametric triangular finite elements of
degree n = 2 is developed in Section 4. Section 5 is devoted to the lumped mass flux
formulation. Numerical tests confirming the theoretical results are presented in Section
6. The closing section contains some concise generalizations.

2. Problem formulation
Let O C R? be a bounded curved domain with Lipschitz-continuous boundary T
Consider the Dirichlet problem

find a function # satisfying
P! Lu=f in Q,
u=0onT

where

22: 9 <a au>
S\
= 0x; 0x;

is a linear elliptic operator. Suppose that the matrix A = (@;());je 1 2y is uniformly
positive definite in € and the coefficients a; = aj;;, 7,j = 1,2 belong to C L.
Therefore, the operator L is strongly elliptic.

Standard notations for the Sobolev spaces (Adams, 1975) and associated norms and
seminorms are used throughout this consideration. Let V = H é(Q), where

Lu=—

HyQ) = {v € H Q=0 on T}.
We associate the usual bilinear form
2

ou ov
a(u,v) = / ai(x)— —dv, w,0€V

7

and the linear functional
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(f,0) = /fvdx, vev
Q

with the problem (£).
Since L is strongly elliptic the bilinear form a(-,-) is coercive on VXV.
Furthermore, the boundedness of @;; on () implies that a(-, -) is continuous on /4 L.
The weak formulation of the problem (£) is

find a function # € V such that

atu,v) = (f,v), VveEV.

We use the usual hypotheses for the smoothness of the weak solution.
C1 The boundary I is piecewise C"*1.

C2 The right hand side f € W"*°(Q) and the weak solution # € H"+1(Q),
n=2.

C3 The coefficients a; € W™ (Q).

Let us define the vector function
a=—A'(Vu),

where u is the solution of (Zy/) and “t” is the sign for transposition.
The normal flux across boundary I is defined by

2
ou

:(r-nz—g a;(x)— cos(n,x;), x €T

qgq=an = i (. )axl_ (n, x7) s

where 7 is the outward normal vector to the boundary I". Multiplying the equality in
(2) by a function v € H'(Q) and using integration by parts we get the following
relation for the flux q.

—(q,v) = a(u,v) — (f,v), Vv € H (Q), 4))

where (-, -) denotes the inner product on the boundary, i.e.

(q,v) = /F quds.

Corresponding Sobolev spaces and associated norms for the functions defined on the
boundary are connected with this notation. Using the interpolation of the functional
spaces for m integer, we get the corresponding Sobolev spaces for noninteger m
(Adams, 1975).

3. Isoparametric finite element method and numerical integration

The point of interest is in the approximation of the flux of the solution of (2y) by an
isoparametric finite element method of Lagrangian type (Ciarlet, 1978; Ciarlet and
Raviart, 1972a). To that end, for each 0 < 2 =<1 let 7, be a triangulation of ) by



triangular finite elements isoparametric equivalent to one finite element (K, p, i)
called finite element of reference:

K= {@1,%)] % =0, &y =0, X + iy = 1} is the canonical 2-simplex;

P= P,l(f(), where P, is the space of all polynomials of degree, not exceeding 7,
S={&=@, )| hi=i/n Xo=j/n i+j=mn 1, ENUI{0}} is the set
of all Lagrangian interpolation nodes of order 7.

Define the edges of the finite element of reference K

A

Ki={teKl %=0}, i=123,

where 563 =1- 561 - 562.
Let (T, P4,%5) be the one-dimensional finite element of reference corresponding
to K:

~

= {#|0 = # = 1} is the interval [0,1];

?T = Pu(T),

25=1{t=i/n|i=0,1,2,...,n} is the set of all Lagrangian interpolation
nodes of order 7.

An arbitrary finite element K € 7, is defined by K = F K(f{), where Fx € P? is an
invertible transformation.

We use not only straight elements but also isoparametric elements with one curved
side for getting good approximation of the boundary I'. Thus we obtain a perturbed
domain ), = Uge, K of the domain () with boundary I,

Denote the boundary layer of 7, by

B, = {K € 7,]K has more than one node on the boundary}.

Let K5 = FK(Kg). We input the map x : T—»[Afg defined by x(?) = (¢,1 — #). Thus we
obtain the map yx : T — K3 determined by yx = Fx o x.

To use optimal finite elements the validity of the hypotheses with respect to any
used triangulation 7, is needed.

T1 Only the elements of B;, have curved edge.

T2 The edges K, i = 1,2 are straight edges for all elements K in any used
triangulation 7,

T3 If K € B), then meas (K3 N 17y,) # 0.

T4 Any considered triangulation is z-regular in the sense of Ciarlet and Raviart
(1972b).

T5 The triangulation 75, is quasi-uniform for any considered 7 so that the usual
inverse inequalities hold (Ciarlet, 1978).
Let Pk ={p: K—R| p sz)oFl}l, heE P}. Then the finite element space V), is
defined by
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Vi, = {v e Cllg € Pg, K € 7},

associated with a triangulation 7, It is well known that V;, C H (1)((2;,)

Let ) be a bounded open set satisfying Q C Q, Q, C Q for all considered
triangulations 7. Suppose that every function from H(2) (H 0(Qh)) 1s extended by
zero outside of Q (€) to R? in a continuous way. We shall also use the space
W, = V + V. Define the approximating bilinear form

Ayt v) = / Zazx g o v €W, @

ij=

where a;(x) € W™ *({)) are continuous extensions of the coefficients a;(x) to Q. The
scalar product in the spaces Lo(Q), Lo(Q,) and Ly(Q) will be written by one and the
same denotation (-, -). Suppose that the bilinear forms (2) are uniformly W,-elliptic,
ie. there exists a constant 8 > 0 independent of the spaces W,, such that for all /
sufficiently small and Vo € W),

Blivll} g = Ay, v).

Define the discrete problem corresponding to the problem (Z2y)

find u, €V, that

P A 5
" 4, (u:fv> =), YveVy,

where f € W"*(()) is an extension of the right hand side f to Q.

The finite element approximation () of the problem (2y,) has matrices whose
elements involve integrals which, except in very simple examples, must be evaluated
by numerical integration or quadrature rules.

To evaluate integrals over finite elements 7" and K numerically, quadrature
formulas

N
[ ewdi =50 => a0, secd, det ®
=1
A L ~ A ~ A
et =1o =Y asb). ¢eck. bek @

=1

are used. Denote the set of the nodes of quadrature formulas (3) and (4) by A" (1) and
N (K), respectively.
Assume that the following hypotheses concerning the quadrature formulas hold.

Q1. All the coefficients of the quadrature formulas (3) and (4) are strictly positive.
Q2. The set A( T) (AN (f()) contains 13,1(’2") — (IAJM(IA()—) unisolvent subset.

Some properties of the quadrature formulas (3) and (4) will be determined and applied
in the next section.



The quadrature formula on the edge K3, K € B), corresponding to equation (3) is
| et = 75,00 = D19,
3

where ¢(}) = ¢(xg'(0)), * € K3 and |w(wy, wo)| = \/u? + w3, w € R>
The quadrature formula over the finite element K for continuous ¢ is

/qu(x)dx = Ix(¢) = [J(Fr)$), (©)

where J(F%) is the Jacobian of Fx.
The integrals over I'j, and ), will be computed element by element using equations
(5) and (6), respectively. Thus we obtain the approximate bilinear and linear forms

2 )
v 0w

ap(v, w) = Il a;— —

w0, w) E 1K(Uaxi ax])’

Kem, ij=

W, wy, =Y Ixw), Yv,w € V),

Kem,

Accounting of the fact that @;(-, -) is uniformly Vj-elliptic (see Theorem 4.4.2 by
Ciarlet (1978)), we define the approximate problem

find u;, € V), such that
Tk ah(ulh U) = (fa Z))hv Vv € Vh

obtained by numerical integration.

Further, we shall apply the construction of z-regular isoparametric triangulation 7,
presented by Lenoir (1986). Consider a finite element space associated with a
triangulation 7, by

v = {v, € CC|vplx € Pk, v, =0 at the corners of Q, K € 7,}.

For any function v € H(Q) we obtain a function v, = II,(vo @), v, € ¥, by
means of an invertible mapping ®;, : ), — Q constructed by Lenoir (1986) and by
means of an interpolation operator II;, over the whole triangulation 7,. We input the
restriction ¢y, : I', — I' of the map ®,, and the restriction of the space #7;, on the
boundary I,

Sp = {wplw, = vplr,,  vn € 77}

Then it is possible to define the approximation g;, € S;, of any function g € C(I') by
g, = m,(g o ¢y,), where 77, is an interpolation operator on the whole boundary I,

Assume that the finite element solution #;, of the problem (£)) is already found.
Then the approximate flux across I';, can be constructed as a function ¢;, € Sj, such
that

—qn, v = an(up,vp) — (f o), YoR € V', (1)
where for the approximate inner product on I';, we use
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o =Y _ Ik @wn), Vo, € Vi
KeB,),

The identity (7) leads to a system of equations for the unknown values of ¢, at some
points on I';, and, consequently, on I'. This procedure has been proposed by Carey et al.
(1985) for the consistent case.
The essential purpose of the present paper is to analyze the isoparametric case when
the numerical quadratures are applied to compute the inner products in equation (7).
Notations C,C;,C,, . . ., are reserved for generic positive constants, which may vary
with the context.

4. Error estimate for the boundary-flux
We associate the error functionals with quadrature schemes considered in the previous
section. Let

Ex(p) = /K pdx — Ix(e).
Then the total quadrature error is

E(u,v) = ZEK(m)), u,v € V7.

Kem,

Moreover, if
) = / pdi — (@),
K
then

Ex(¢) = EJ(Fx)$).

Similarly, according to the quadrature formulas (3) and (5), we define
b= [ pdi- 5o,
and

Ex(¢) = &(IDxk|®), ¢ € Sy, K € By,

Ew,w) = ZéaK(vw), v,wE Sy,
KEB,

Suppose that the numbering of the nodes of each element K € 7, is such that
JER)@E) >0,Vi € K.
The space Sj, is provided with a norm

”w”h =V <w7w>ha VYuw € Sh’

If a map F(x) is k-times differentiable, we denote the kth Fréchet derivative of F(x) by
D*F(x). Let #,(R?% R?) is the space of the continuous #-linear mappings from (R%” to



R?and K , K are bounded subsets of R?. For estimating the Fréchet derivatives and
Jacobians we need the following seminorms

|F|M ook:Sup”DnF(‘%)“gn(Rz;Rz)’ IF_lln,oo7K:Sup“DnF_1(x)||$,,(R2;R2)7 7’[:0,1,2,...
o ek rEK

for arbitrary sufficiently smooth transformation F : K — K with sufficiently smooth
inverse transformation F ' Further, we shall proceed by omitting the index
Z,(R%R?) of the norms of the Fréchet derivatives and write only ||-|| instead of

” ’ ”gn(RZ.RZ).
Lemma 1. The norms || - |[;, and || - [lor, are uniformly equivalent on the space S,
Le. there exists constants ¢;, ¢co > 0, independent of /z, such that

alloll, = llvllor, = cllolly, Yo € Sy ®)
Proof. First we argue that the map

N

1/2
henD— (Z ﬁfﬁ(&i)) ERY

=1

1S a norm on Pn(’j'). It is sufficient to note that f)(&’i) =0,1 =7 = N, implies according

to Q1 and Q2 that p = 0, since the set .A4"(7) is P,(T)-unisolvent and N = n + 1.
From the equivalence of all norms on the finite dimensional space P,(T), we infer the
existence of the constants ¢;, ¢co > 0, independent of /, such that

=1

=1

N 1/2 N 1/2
a <Z @»ﬁ%d») = lblly 5 = c2 (Z ﬁ,»132<dz-)> . VherMD. O
Denote the edge K3 of the element K € B), by Tk. We obtain

(IO = lIpllor, = c2(F (PN (10)

from equations (5), (9) and

1/2
c(;ggwmlo Flo.3 = 1floze = CDxicly oo 2171, 5-

The restriction vyl 7, , v, € Sy, belongs to P,(Tk) for all K € Bj,. Since

1/2
2
|Uh|0,F;l = Zlvhloj‘,{
KEB,
the inequalities just obtained in equation (10) imply equation (8). O

The following lemma is devoted to estimates of the total quadrature errors in (),
and on Iy,
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Lemma 2. Let the hypotheses T1-T5 and Q1-Q2 hold and quadrature schemes
over reference finite elements 7" and K be such that

5@ =0, ¢EPy (D), n=2 (11
B¢ =0, ¢€E Py oK), n=2. (12)
If f € H"(Q) and ¢ € H"(I") the following estimates hold for all v, € ¥,
IECf, ol = CR[[flnollonll o, 13)
|6z, v = Ch"Hlall, . glloallor, (14)

where g7 = m,(qo ¢) is a standard Sj-interpolant of ¢ and # € H m+1(()) is an
extension of the weak solution # to €).

Proof. The estimate (13) is a consequence of the proof of Theorem 4 by Ciarlet and
Raviart (1972b) (see also Theorems 4.1.5 and 4.4.5 by Ciarlet (1978)).Similar argument
can be applied to the estimate (14). If we denote n = gq;vy,, the error of the quadrature
formula is

16,0l =16, DI =Y 16kl =Y _18ADFkIH)I, (15)
KeB, KeB,

where 7 i is the restriction F|g,. For the seminorms of this mapping it follows
= Chitl if i =,

=0 if 7> n.

|{IDFK|}|zw?{

The linear functional &(¢) is bounded for ¢ € W2L(7). It vanishes according to
equation (11) for polynomials of degree 2n — 1. Thus, by the Bramble-Hilbert lemma
(Ciarlet, 1978)

|EADF c|D)] = CIDF kIl 7 = CY HIDF I}, o 1 5 = O W 4l 5. (16)

i+j=2n, i+j=2n,
=n =n

In the case considered we have §;, g € Pn(?') (Z}thK =g o0 X]’{l). From the Leibniz
rule and the inverse inequalities (Ciarlet, 1978, pp. 140-3) it follows that

A -~ ~ A i—n—3
9], 5 = CY _lail, 310k 1,,, 5 = C " 2llagll, -y 7, Moallo 7,

I+m=j,
n=j=2n

This inequality along with equations (15) and (16) lead to the estimate

1/2
|6, o) = Ch" Z”CHH,ZZI‘,TK) lllor, -

2
EB),

Denote a standard 7j,-interpolant of # by #; Using the imbedding theorems and the
fact that ux € P,(K) we have



1/2

1 2
|6 (qr, vp)| = Ch" 2 Z”m“nK lopllor, -
KEB,),

First, we prove that if the triangulations 7, satisfy the conditions T1-T5, then for
every ¥ € H"1(Q), g = v

1/2
Sl x| =Clipll,,y 5. m=01,2, ... .n+1 a7
Kem,
Indeed, the cases m = 0 and m = 1 are obvious. For m = 2, ..., n we can write

"UI”m,K = ”77 - U]”m,K + ”77||m,K~

Assume that the isoparametric finite elements (K, P, i) are optimal (Ciarlet and
Raviart, 1972a, b), ie. the family they make satisfies the standard interpolation
estimates for any function 7 € H"*1(K). Then

1/2
ZIIUIII,Z%K = Ch”+17m||77||n+1,9h + [0ll41.0, = Clloll41.0,
Kem,
Vo € H"t1(€)). Using equation (17) for 7 = n, we obtain the estimate (14). O

The next lemma is an important tool in isoparametric technique.
Lemma 3. The following estimate holds

lonll0, = Cllopo ®; o, VYo, € 77 (18)
Proof.  The key point of the proof is that (Lenoir, 1986)
(@41 ]g0= O and @41 0, = OC1). 19)
First we prove that
losllog, = Clloyo®; o, Vo, € 77 (20

Changing the variables, we obtain

2
ol g, = / 2 dr
Il

)’z
= [ o0 7(@) as
_ —_1112
= /(@ 1)‘o,oo,QH”hO(Dh 1”0,9'

It remains to apply equation (19) for completing the proof of equation (20).
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As a second step we prove that
-1
lvpl 0, = Clopo®), Lo, Yo, € 77

Changing the variables once more we get

2
loali 0, = / Vg, - Vo, dx

h

= / D(vy,0®; ") DDy, D(vy,0 @, ) DbyJ (P, 1) dx
Q

2
= C|q)h|1,oo79h

](q)h—1> ’010010}1 ‘ph o (I)h—l |1,9-’

Taking into account tl&at equation (19) holds we get equation (18). ~ O
Lemma 4. Let u, u;, , and u;, be the solutions of the problems (Zy), (P;,) and (),

respectively. Let for some integer n = 2, the quadrature formula (4) satisfy the

assumption (12) of Lemma 2, and hypotheses C1-C3, T4 and T5 hold. Then

k
’Ah (Mh J)h) — a(up, vp)

= Ch"(lullysr.0 + Wllo)lorho,, VYo, € 775 (21)

Proof. Adding and subtracting some terms in the left hand side of equation (21) we
obtain

k k
Ay (uh J)h) = ay(up, vp) = {Ah (Mh ﬂ/h> — Ap(uo ®y, Uh)}
+ {An(u o Py, vp) — Aput, vp)} (22)
+ {An(up, vn) — an(up, vp)ydef Wy + Az + As.

We estimate each term in the right hand side of equation (22).
Using Lemma 3 we have

| = c’ U, —uod,

*
v SCHu—u o(Ile ) .
th hll,Qh h h Lﬂl hlLQh

Applying Theorem 3 by Lenoir (1986) we obtain
|QII| = Chn||M||11+1,Q|U/1|1,Qh7 Vvh € Vlr (23)
Let iz € H"(Q)) and f € H"(Q) be sufficiently smooth extensions of the solution u of

the problem () and the right hand side f of the problem (£) to (). Then (Vanmaele
and Zenisek, 1993)

Ifln@ = C”f”n.(h ”775””_;,_1@ = CII””VHI,Q- (24)

Using the triangle inequality for any v, € 77, we obtain (Ciarlet and Raviart, 1972b)



[2s| = Clluo @y, — wylly 0,000,
= Clluo®, —ally g + ll = unlly g)lonli o,

= CUIDD;, = Illo,co,0, llelly 0 + Nl = wplly o)lonh g,

2
= o (llmlm,@ £ 3 Nl gl 6+ |mum> ol

ij=1
because of the estimate ||[D®), — I|ly.« 0, = O(h") (Lenoir, 1986). It follows
2] = Ch"(lully1,0 + fllo)lonlio,, Yo, € 77 (25)

from equation (24).
By analogy with the inequality (13) (see also Ciarlet and Raviart (1972b) and
Theorem 4.4.4 by Ciarlet (1978)) it is easily seen that

2
~ auhaf}h
23| = Ex Gjj~——~——
K;h ; ! 0x; 01
1/2 (26)

2
= O (D Nullyni | lonhio,,  You € 77
Kem,

Let us continue with the application of the inequalities (17), (24) and the inverse
inequality

1/2 1/2 1/2
2 2 2
Slhallyog | = { Yl —wllg | +{ Y llull g
KeT, Kem, Kem,
1/2
—n - 2 - 2
= O | S {lle = il e+ Nl =l }
Ker,

+Cllall,,1q = Clil,,, g = Cllullsio.
Substituting this inequality in equation (26), we obtain

[Us| = Ch"||ullsr.0lvnl1.0,,  Yor € 77 27
Thus the equality (22) and inequalities (23), (25) and (27) prove the estimate (21). O

Introduce the following scalar product

< qn, Vp>p= / qwnds, g, € Sp, vy, € 17
Fh
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Lemma 5. The following interpolation error estimates hold

llgod — arllor, = Ch"2lull,s 0, (28)

1
<gody, — qr,v>=p= Ch" 2|lull,s1 0llonllor,, VYo, € 7. (29)

Proof. Using the Bramble-Hilbert lemma we get

llgo én = arllor, = Ch" g,y
Then we have from the imbedding theorems (Adams, 1975)
gl -y r = Nl 0,
which proves the required inequality (28). The estimate (29) is a consequence of
<qody —qr,vi>1=llgo ¢, — qillor, llvallor, - O

Introduce the consistent case flux problem (%)) corresponding to (2},

_ | find q: € v, such that
e%‘.h * * . b)
- < q;, N = Ay, (uh 70) - (fhav); Yo e v,

where 1, = I1,(f o ®)).

Lemma 6. Let q,;k be the solution of the problem (%) and g; be the interpolant of
the weak solution ¢ of equation (1). Suppose that the conditions of Lemma 4 are
fulfilled. Then the following estimate holds

%k —1
<q, —qnLv>E= C(h””l)h”l.nh +n" levhllo,rh> leell,1.0,  VYor, € 775 (30)
Proof. By the triangle inequality, we have

% sk
‘< a, —an vl = ’< g, —qodp vl +1 <gody, —qrvp>il. (3D

The second term in the right hand side of equation (31) can be estimated by Lemma 5 —
the inequality (29). It is obvious that ((vj odb,;l) Ir) (@) = (vso0 q')h’l)(x), x € I'."Then
we obtain
3k _ _
‘< qy — qodnvp>nl = ’< @001 (q, 050 & DI + (@00 b, )= < g0 oy, vl
(32)

Using the theory of approximation of the boundary condition presented by Lenoir
(1986), for the second term of the right hand side of equation (32), we get

_ 1 1
‘(q,z)hO(;’)hl)— <gon,vp>=pl = C"2lgll, v plloallor, = CR" 2 |ull,1 ollonllor,-

(33)



Let us consider the first term of the right hand side of the inequality (32)

‘<q:7vh>h—<q,vh0¢;1>lsl/ﬂfhvhdx—/nf(vhoqvf)dXI+‘a(u,vhoq>£1)—Ah(u:wh) -
h
(34)

The approximation of the domain gives the estimate (see Lemma 8 by Lenoir (1986))

Foondx — / Fopod;) dx] = il allonllo,. (35)
O, 0

It remains to estimate the last term in equation (34). For the sake of simplicity and for
notational convenience we consider the a-forms with constant coefficients. A more
detailed but simple analysis gives the same order of convergence when the bilinear
forms have variable coefficients and the hypothesis C3 holds.

Estimate

-1 k
’a(u, v od,t) — A, (uh ,vh> ‘

=

/ V(o ®,)D®, ' - Vo,Dd, (D)) dx — / V(uo<1>h)D<1>;1-Vvh](cbh)dx’
(97 O,
T / V(o B)D®; - Vo J(@y) dx — / V(uo«bh)-whﬂcbh)dx‘

Qh Qh

+ / V(uod)h)-Vvh]((I)h)dx—/ V(uo@h)Vvhdx‘
Qh Qh

+ Vuody,) Vo, dx — / Vu: 'Vvhdx‘
Qh Qh

= |D‘Dh_1 - 1|O’oo’9 <|D<D;;1|0’ooin+1) | J(@)]o.00.0, 12l 0 lvn 1.0,

%k

+17( @) — oo, llullalvnli o, + H%O‘Dh — u,

v .
Lo, [vnl1,0,

Taking into account the relations (Lenoir, 1986):

DD, = 1], o= O, 1J(@3) = oo, = O™,

(@51 00.0= O, 1T @D, = O,

as well as the error estimate (see Theorem 3 by Lenoir (1986))

sk
uo®, —u,

* gl
= C‘M — U, O(I)h ’ = Chn”u”nvqﬁﬂv
h 1‘Q
we obtain

_ s )
‘ﬂ(%th@h]) _Ah(”h »Uh)’ = Ch"lull1 0llonlho,, Yo, € 77 (36)
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Substituting the inequalities (35) and (36) in equation (34) we find

ES _
< gy v —{a, vn0 & = Chllullys1.0llonllr o,

Combining the latter estimate and inequalities (31)-(33), we prove equation (30). [
Lemma 7. For any v, € 77, there exists an element 7, € 77, such that 7, = vy,
on I';, and

1B4ll.0, = Chllwallor, - 37)

Proof. It is enough to construct #, € ¥, such that , = v, on I';, and 7, = 0 for all
internal nodes of the triangulation 7,
Let us introduce the Hilbert space (Adams, 1975)

H'Y2T)) = {v € Ly[T}) : Ju € H' () such that tr(u) =v on T},
provided with the norm
ol jor, = inf{llulli o, : « € H'(Qy); tr(u) =v on T}}.

This space is dense in Ly(I';). Having in mind that 9, = 0 at any internal node of (),
and the space 77, consists of piecewise polynomials, it is evident that

52111,0, = Clloplli 2,
Using the inverse inequality
oull1 2r, = Ch ™2 wullor, = Ch Y2 wllor,

we obtain the estimate (37). O
The following theorem contains the main result concerning boundary-flux error
estimates.
Theorem 1. Let the conditions of Lemmas 2 and 4 be fulfilled. Then the following
error estimates hold

lgn — arlly = C"llullir0 + I llo), (38)

llgodn — anllor, = Chn_%(””“n—&-l,ﬂ + 1 ll,.0)- (39)
Proof. First we prove the inequality (38). For any function v, € ¥, we have
@n = qr,0m0n = qn>0n), — a1, v,
= ([n,vm)n — anup,vp)— < 6]:7vh>h+ <Gy, > n— <qr,0>nt+Eqr,0n)
=&(qr,vn) — E(pon) + {Ah (M:Wh) - ah(“havh)}"‘ < (1: —q1,0> -
(40)

The four terms in the right hand side of equation (40) are estimated by equations (13),
(14), (21) and (30), respectively. Consequently, it follows the inequality



_1
(gn — ar, vy = C" 2 Mlull,1.0llopllor, + CR"(lullg1.0 + L) llvall o,

For the second term in the right hand side we use the estimate (37) of Lemma 7 with
v, = 75,. We obtain that

-1
an = ar,onn = Ch">(llullyrr,0 + W ll)losllor,

because vylr, = Uylr, -

Finally, applying the norm equivalence for |||y, and |l |l;, and choosing vy|r, =
qy, — q; we derive the desired estimate (38).

We easily get the estimate (39). It is sufficiently to combine equation (38) with the
estimate (28). Then

lgodn — anllor, = llgo én — arllor, + llar — aullor,
= llgodn — qrllor, + Cllgr — axlln

_1
= "2 (llull 1.0 + W ll0)-

O

5. Lumped mass boundary-flux

The lumped mass formulation is often the most practical form. For instance, when the
heat and fluid flow application codes are concerned. Lumped flux formulations are
examined by Carey et al. (1985), Lazarov and Pehlivanov (1989) and Pehlivanov et al.
(1992). This approach is appropriate for various eigenvalue problems (Andreev and
Todorov, 1999, 2004). In the case of lumped flux approach the integrals < -, - > are
evaluated using quadrature formula with quadrature nodes coincident with the
element nodes. Applying such a type formula a diagonal coefficient matrix results and
hence the flux gy, is determined explicitly.

The estimate (38) implies that

la = arllor, = (@ — QM@ — Qn* = 0(n"Y),

where @ = (q(@1), q(a2), ...,q(aq,)), & € Uy, 1=1,2, ..., dy, d = dim(S;,) is the
vector containing the exact values of the boundary-flux at the nodes on I' and @), =
(gn(a), gn(a2), ..., qn(aq,)) is the corresponding approximating vector obtained by
the numerical integration. Here M is a mass matrix obtained by the inner product
< -+, ->; on the boundary I’

Problem (7) leads to the system of linear equations M), = F for the vector @),
The right hand side F'is a known vector. o

We lump the mass matrix into a diagonal form M and find the approximate values
at the grid nodes from the system M), = F with diagonal matrix /. We confine to
the case n = 2. Consider a quadrature formula giving diagonal matrix M

Aln A 1 1
[ ot =0 = g (@0 + 10(3) + o0 @
T

The formula (41) represents the Simpson rule and it is exact for all polynomials
belonging to P3(7). The quadrature formula over the finite element of reference K is
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1

/ o di ~ 1) = {3[@(0, 0)+ @(1,0) + ¢(0, 1)]
K

Nat (11 . 1 (11
*8[“’<2’°) * “’(2’2) * ¢(072)} *27*”(3’?,)}'

This formula is also exact for all polynomials from P; (Ciarlet, 1978, p. 184). The
numerical integration for the isoparametric case using equation (42) is analyzed by
Andreev and Todorov (1999), where lumped mass approximation for second-order
eigenvalue problem is considered.

Both formulas (41) and (42) are related to each other in the following sense:

(42)

+ they are equivalent with respect to the precision, ie. they are exact for all
polynomials of degree three; and

+ both quadrature formulas have common set of nodes on the hypotenuse of the
finite element of reference.

Theorem 2 gives an error estimate in the lumped mass case.

Theorem 2. Let us keep the conditions of Theorem 1 and let the integrals in
equation (7) be evaluated by quadrature formulas (41) and (42), respectively. Let also
the hypotheses T1-T5 and C1-C3 are valid for n =2 and the approximate
boundary-flux is computed by the formula (7). Then

g — gl = ChA(lulls.0 + lIfll2.0), 43)

Proof. It is easy to verify the validity of the hypotheses Q1 and Q2. Consequently,
we have the norm equivalence equation (8). We obtain

IECf, o)l = CRAIIflz.allonllr o,
3
|6, vl = Ch2|lulls ollopllor,, Yo, € V7.

from Lemma 2. Proceeding as in the case without lumping, we obtain the estimates
(21), (28) and (30) with = 2. But, as far as the lumped mass matrix case is concerned,
the approximate inner product {u, vy, deals only with the values of the functions « and
v at the nodes of the quadrature formula, which at the same time are nodes of the finite
elements. Then

llg — aully, = llar — aully-

It remains to apply the estimate (38) with #» = 2 in order to prove the theorem. [

6. Numerical tests
The point of discussion inhere is the boundary-flux calculation using numerical
integrations. At the beginning we consider some algorithmic aspects.

Denote: the set of nodes of the triangulation 7, by .47, the set of nodes belonging to
I'), by A gy,. Define A"y, = A3\, Let {¢;}, 1 =1,2, ..., card(./";) associated with
a; € N, be the nodal basis in V), Define the spaces



Vg, = Span{ @i } LG €N gy
Vlh = Span { (2 } La; €Ny

We shall use the vectors and matrices

A = (e, 9))ija ey

up = (Un(@i))igery»

an = @n(@))ige vy

C = @@, 9))ijae v paevp
M = (@i, oijaaie 150
Er=Une), t:a,€ Np),
Ep= (/) 1:a; € Npp).

Write a matrix form of problem (7)

0 0\ /0 A C\ [u, E;
No m)\a | " \ct o)lo]) \Eg “4h

There are different approaches for solving problem (44). We choose the case with a
lumped mass matrix. Initially, we eliminate #;, from equation (44) making complete

Cholesky factorization of the matrix A = LALQ, where L, is a lower triangle matrix.
Then

~Mgq, =C'L}'L'F | — Fgas Fp.

Since we consider the method with lumped mass, it is not necessary to construct the
matrix M. It is enough to compile the vector m by m; = Ml-;l, 1=1,2,...,d, We
compute the solution ¢;, from ¢q;, = m*F 5, where the multiplication “*” is defined by
vkw = (v1w1, vaws, ..., v,w,) € R* Yv,w € R”.

The above algorithm enables us to improve the accuracy of calculation and for
decreasing the necessary computer resource. Andreev and Todorov (2004) showed that
for the similar problem with different dimensions, the lumped mass technique gives the
best results among many different approaches. Moreover, it is proved that the iterative
solutions of systems such as equation (44) are stable, i.e. the used block splitting is
applicable.

Continue with numerical examples. Consider a model problem

—Au=12xy in Q, u=0 on I, (45)

where () is a quarter of the unit disc and I' =1y U I's U I's (Figure 1). The exact
solution of problem (45) is

u(x,y) = xy — %y — xy°.

Then the flux across the boundary is
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Figure 1.

An initial decomposition
of the domain ) by 6-node
finite elements

y—y3, 0=<y=1onIy,

g=1{ x— 13 0=x=1 on Iy,

20v1—x2, 0=x=1on I}s.

Further, we illustrate the rate of convergence « arising from the considered finite
element method. Using the approximate solution on two different meshes, we have

llg — gnll, = Ch*,
llg — Qh/2||h/2 = C(IEZ) :

Then

log -4 = qalln
_ &Tlg — qny2llins2
log 2 '

Example 1. For problem (45) we use the conditions of Theorem 2. The triangulations
consist of the 6-node isoparametric elements. The quadrature formula (41) gives the
lumped mass matrix and the integrals over the elements are evaluated by the 7-node
isoparametric integration equation (42) (Vanmaele and ZeniSek, 1993). An initial
triangulation for solving problem (45) is shown in Figure 1. O

Example 2. Here we find a solution of problem (45) on the basis of the 10-node
isoparametric elements. Keeping the optimal rate of convergence for the approximate
boundary flux, we make use of the following Radon quadrature formula (Hammer et al,
1956)

o 9 155 + /15
[ X)) dx ~ [ (p) = 30 o(a7) + %O\({_[‘P((ﬁl) + @o(@2) + @(dp)]
K 5
155 — /15 . 46
+———— (@) + e(d1) + e(d5)], ¢ € CK)

2,400
where

o= (8, 0), o= (0,8), ds= (G, L), b= (L),
@5 = (b, bo), @6 = (83, 83), @ = (L5, 05),

Z2
1

I3

I

Ty



and Isoparametric
. 9-2J15 , 6-+15 . 6415 . 94215 , 1 finite element
Q=91 > e=—5 6= 5 4= 5 6-3 approximation
The quadrature formula (46) is exact for all polynomials of degree five.

For computing the approximate scalar products on the boundary we use a Gauss
quadrature formula exact for all polynomials of degree five 65

/A(A)dic~l~(A)—i 8 1 +5 +5 L\/%
%qox @ =15 | 8el5 ® 5 ¢ 5 ,

where ¢ € C(T).

The computational process in Example 2 is more complicated because the mass
matrix is not diagonal. Therefore, we make complete Cholesky factorization for
inversion of this matrix. In this case we need greater computer resources. O

The results obtained in both examples are presented in the comparative Table I. The
confirmation of the theoretical achievements is performed (estimates (39) and (43)).

7. Concluding remarks
The obtained convergence results for the isoparametric boundary flux enable us to
conclude that:

+ We have proved the optimal order of convergence subject to the hypotheses that
are presupposed. These hypotheses are not too restrictive regarding the
1soparametric approach.

+ The precision of the quadrature formulas presented in equations (11) and (12) is
crucial for proving the order of convergence. In this respect, the one-dimensional
Lobatto quadrature formulas could be mentioned.

+ Although the investigations on the lumped mass approximation are performed
for quadratic triangular finite elements, they could be applied to more general
elliptic systems and other types of finite elements. It is necessary to combine the
appropriate quadrature formula, satisfying the conditions Q1 and Q2 with
nodes coinciding with the nodes of the finite element.

||C] - qh”h
6-node finite elements 10-node finite elements

4 elements 0.8351214066 0.0609879166

16 elements 0.2811585814 0.0106510992

o 1.57060 251752

16 elements 0.2811585814 0.0106510992

64 elements 0.0950408902 0.0018609964

a 1.56476 2.51686

64 elements 0.0950408902 0.0018609964

256 elements 0.0334027457 0.0003253089

a 1.50858 251619 Table L
256 elements 0.0334027457 0.0003253089 Asymptotic rate of
1,024 elements 0.0118019900 0.0000571134 convergence « obtained

o 1.50093 2.50991 in the examples
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* The method hereby presented, could be used in the cases when two subdomains
have curved interface.

References
Adams, R.A. (1975), Sobolev Spaces, Academic Press, New York, NY.

Andreev, A.B. and Todorov, T.D. (1999), “Lumped mass approximation for an isoparametric
finite element eigenvalue problem”, Sib. J. Numer. Math., Vol. 2 No. 4, pp. 295-308.

Andreev, A.B. and Todorov, T.D. (2004), “An isoparametric finite element approximation of a
Steklov eigenvalue problem”, IMA J. Numer. Anal., Vol. 24, pp. 309-22.

Barret, ].W. and Elliot, C.M. (1987), “Total flux estimates for solutions of elliptic equations”, IMA
J. Numer. Anal., Vol. 7, pp. 129-48.

Carey, G.F. (1982), “Derivative calculation from finite element solutions”, /. Comput. Meth. Appl.
Mech. Eng., Vol. 35, pp. 1-14.

Carey, G.F. (2002), “Some further properties of the superconvergent flux projection”, CNME,
Vol. 18 No. 4, pp. 241-50.

Carey, G.F., Chow, S.S. and Seager, M.R. (1985), “Approximate boundary flux calculations”,
J. Comput. Meth. Appl. Mech. Eng., Vol. 50, pp. 107-20.

Ciarlet, P.G. (1978), The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam.

Ciarlet, P.G. and Raviart, P.A. (1972a), “Interpolation theory over curved elements, with
applications to finite element methods”, Comp. Meth. Appl. Mech. Eng., Vol. 1, pp. 217-49.

Ciarlet, P.G. and Raviart, P.A. (1972b), “The combined effect of curved boundaries and numerical
integration in isoparametric finite element method”, in Aziz, A K. (Ed.), Math. Foundation
of the FEM with Applications to PDE, Academic Press, New York, NY, pp. 409-74.

Douglas, J., Dupont, T. and Wheeler, MLF. (1974), “A Galerkin procedure for approximating the
flux on the boundary for elliptic and parabolic boundary value problems”, RAIRO,
Modelization Math. Anal. Numer., Vol. 8, pp. 47-59.

Hammer, P.C., Marlowe, O.J. and Stroud, A.H. (1956), “Numerical integration over simplexes and
cones”, Math. Tables Aids Comput., Vol. 10, pp. 130-7.

Lazarov, R.D. and Pehlivanov, A.L (1989), “Local superconvergence analysis of the approximate
boundary flux calculations”, Proc. Conf. EQUADIFF’7, Prague, Teubner — Texte zur
Mathematik, BSB Teubner, Leipzig, pp. 275-9, d. 118.

Lenoir, M. (1986), “Optimal isoparametric finite elements and error estimates for domains
involving curved boundaries”, SIAM J. Numer. Anal., Vol. 23 No. 3, pp. 562-80.

Pehlivanov, A.L, Lazarov, R.D., Carey, G.F. and Chow, S.S. (1992), “Superconvergence analysis of
approximate boundary flux calculations”, Numer. Math., Vol. 63, pp. 483-501.

Vanmaele, M. and Zenisek, A. (1993), “External finite element approximations of eigenvalue
problems”, Math. Model Numer. Anal., Vol. 27, pp. 565-89.

Wheeler, J.A. (1973), “Simulation of heat transfer from a warm pipeline buried permafrost”, paper
presented at 74th National Meeting of the American Institute of Chemical Engineers,
New Orleans, LA.

Corresponding author
Todor D. Todorov can be contacted at paralaxview@yahoo.com

To purchase reprints of this article please e-mail: reprints@emeraldinsight.com
Or visit our web site for further details: www.emeraldinsight.com/reprints



